Comment on the Identities of the Gluon Tree Amplitudes by Tye, S. -H. Henry & Zhang, Yang
ar
X
iv
:1
00
7.
05
97
v1
  [
he
p-
th]
  4
 Ju
l 2
01
0
Comment on the Identities of the Gluon Tree Amplitudes
S.-H. Henry Tye∗ and and Yang Zhang∗
Recently, Bjerrum-Bohr, Damgaard, Feng and Sondergaard derived a set of new interesting
quadratic identities of the Yang-Mills tree scattering amplitudes. Here we comment that these
quadratic identities of YM amplitudes actually follow directly from the KLT relation for graviton-
dilaton-axion scattering amplitudes (in 4 dimensional spacetime). This clarifies their physical origin
and also provides a simpler version of the new identities. We also comment that the recently
discovered Bern-Carrasco-Johansson identities of YM helicity amplitudes can be verified by using
(repeatedly) the Schouten identity. We also point out additional quadratic identities that can be
written down from the KLT relations.
Introduction : Tree level scattering am-
plitudes have very compact forms which are
not obvious at all if one follows the Feynman
rules to evaluate the corresponding Feynman
diagrams. Using a combination of symmetry,
string theory techniques and the spinor helic-
ity formalism, one can simplify the evaluation
of these amplitudes considerably. In particu-
lar, the gluon (i.e., YM) amplitudes also obey a
set of very useful identities. Until recently, all
the known identities are linear identities : such
as the Kleiss-Kuijf relation [1] and the Bern-
Carrasco-Johansson (BCJ) identities [2]. These
identities also appear in loop diagrams [2–4].
Both can be easily proved [5] using properties
of string theory scattering amplitudes [6] [7].
In fact, string theory improves the BCJ iden-
tities by (1) revealing more clearly its relation
to the Jacobi identity [8] and (2) reformulating
them in terms of gauge invariant amplitudes in-
stead of gauge-dependent quantities [5]. They
also play a role in the KLT relation, which al-
lows one to express graviton scattering ampli-
tudes in terms of YM amplitudes (with their
color factors stripped). Recently Bjerrum-Bohr,
Damgaard, Feng and Sondergaard (BDFS) pre-
sented a field theory proof of the KLT relation
and derived a new set of quadratic identities
of YM amplitudes [9]. These identities are non-
trivial, in the sense that they do not follow from
the linear identities. They are very interesting
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in the sense that they are unexpected, at least
from the YM theory point of view.
Here we like to point out that these quadratic
identities actually follows directly from the KLT
relation for the (massless) graviton-dilaton-
axion scattering amplitudes. Recall that the
KLT relation expresses the closed string tree
scattering amplitudes in terms of the open
string tree scattering amplitudes [7]. At the
zero-slope limit, the massless open string modes
can include the YM fields while the closed string
modes can include the graviton, the dilaton and
the anti-symmetric tensor field, which is equiv-
alent to an axion in 4 dimensional spacetime.
So the graviton-dilaton-axion scattering ampli-
tudes can be expressed as a sum of products
of YM amplitudes. Now the dilaton and the
axion combine to form a complex scalar field φ,
which has a conserved charge associated with it.
Any charge-violating M-point graviton-dilaton-
axion scattering amplitude must vanish, thus
providing a quadratic identity of the M-point
YM amplitudes.
Since the same non-vanishing graviton ampli-
tude can be expressed in terms of different sets
of YM amplitudes in a variety of ways, we im-
mediately obtain another set of quadratic iden-
tities. Although these quadratic identities fol-
low immediately from the KLT relation, their
usefulness has not been explored.
The recently discovered BCJ identities (in-
cluding the Kleiss-Kuijf relations) are linear
identities among the tree YM amplitudes. Here
we would like to argue that the BCJ identities
of YM helicity amplitudes can be proved by us-
2ing the Schouten identity alone (besides kine-
matic identities). This is not surprising, since
the BCJ identities can be expressed in a way
that are dual to the Jacobi identity, and the
Schouten identity has an analogous structure to
the Jacobi identity. We like to emphasize that
this does not negate the usefulness of the BCJ
identities.
The BCJ relation and Schouten Iden-
tity : The Kleiss-Kuijf (KK) [1] and BCJ re-
lations [2] for YM helicity amplitudes can be
proved by using Schouten identity repeatedly,
〈ij〉〈kl〉 = 〈ik〉〈jl〉+ 〈il〉〈kj〉 (1)
Here we use the notation of [10, 11]: for light-
like momentum pµ, paa˙ = pµσ
µ
aa˙ = λaλ˜a˙. The
spinor products are defined to be 〈λ, λ′〉 =
ǫabλ
aλ′b and [λ˜, λ˜′] = ǫa˙b˙λ˜
a˙λ˜′b˙. Here sij =
(pi+ pj)
2 = 2pi · pj = 〈ij〉[ij]. Note the similar-
ity between Schouten identity and Jacobi iden-
tity of Lie algebra.
To simplify the discussion, let us consider
only the maximal helicity-violating (MHV) am-
plitudes here. Checking the 4- and 5-point cases
is straightforward. For example, the KK rela-
tion for 4-point, the photon decoupling identity
A(2−1−3+4+)+A(1−2−3+4+)+A(1−3+2−4+) = 0
(2)
which reads [12] [13],
〈12〉4
(
〈23〉〈41〉+ 〈13〉〈24〉 − 〈12〉〈34〉
)
〈12〉〈23〉〈34〉〈41〉〈13〉〈24〉
= 0
(3)
because of Schouten identity. The 4-point BCJ
relation, s12A(2
−1−3+4+) = s23A(1
−3+2−4+)
is self-evident from the MHV amplitude expres-
sion. The 5-point case is similar: the KK rela-
tion is,
A(2−1−3+4+5+) +A(1−2−3+4+5+) +
A(1−3+2−4+5+) +A(1−3+4+2−5+) = 0(4)
which reads,
〈12〉4
〈12〉〈23〉〈34〉〈45〉〈51〉〈13〉〈24〉〈25〉
(
〈23〉〈51〉〈24〉
+〈13〉〈24〉〈25〉 − 〈12〉〈34〉〈25〉 − 〈12〉〈23〉〈45〉
)
= 0 (5)
where the Schouten identity is used twice. The
BCJ relation is,
s12A(2
−1−3+4+5+)− s23A(1
−3+2−4+5+)
−(s23 + s24)A(1
−3+4+2−5+) = 0 (6)
whose left hand side is proportional to,
〈32〉〈24〉〈51〉〈21〉[21]− 〈21〉〈34〉〈52〉〈23〉[23]
− 〈21〉〈45〉〈32〉〈32〉[32]− 〈21〉〈45〉〈32〉〈24〉[24]
= 〈32〉〈21〉〈24〉
(
〈51〉[21] + 〈53〉[23] + 〈54〉[24]
)
= 0 (7)
where the first step uses the Schouten identity
and the last step follows from momentum con-
servation :
∑M
j=1 p
µ
j = 0→
∑
j〈kj〉[jl] = 0 and
〈ii〉 = 0 and [ii] = 0. This feature can be gen-
eralized to the M -point MHV amplitudes. For
example, consider a BCJ identity for M -points
[2] [5] [8],
M∑
i=3
( i∑
j=3
s2j
)
A(13...i, 2, (i+ 1)...M) = 0 (8)
where the helicities are (1−2−3+....M+) and the
label j = M+1 should be identified with j = 1.
The left hand side of (8) reads,
M∑
j=3
s2j
( M∑
i=j
A(13...i, 2, (i+ 1)...M)
)
=
〈12〉4
〈13〉〈34〉...〈M1〉
M∑
j=3
s2j
( M∑
i=j
〈i, i+ 1〉
〈i2〉〈2, i+ 1〉
)
(9)
The sum over i can be calculated by using
Schouten identity in (M − j) steps, say,
〈j, j + 1〉
〈j, 2〉〈2, j + 1〉
+
〈j + 1, j + 2〉
〈j + 1, 2〉〈2, j + 2〉
=
〈j, j + 2〉
〈j, 2〉〈2, j + 2〉
(10)
and etc. The final result is,
M∑
i=j
〈i, i+ 1〉
〈i2〉〈2, i+ 1〉
=
〈j, 1〉
〈j, 2〉〈21〉
. (11)
3Therefore, the left hand side of (8) reads,
〈12〉4
〈13〉〈34〉...〈M1〉
M∑
j=3
s2j〈j, 1〉
〈j, 2〉〈21〉
∝
M∑
j=3
〈j, 1〉[2, j]
〈21〉
= 0, (12)
where we have used momentum conservation.
The Quadratic Identity : The mass-
less sector of a closed string theory contains
the graviton, the dilaton and the antisymmet-
ric tensor field Bµν . In 4-dimensional space-
time, Bµν has only one degree of freedom, and
one may identify it as an axion a : ∂µa =
ǫµνρσ∂νBρσ. To discuss the 4-dimensional po-
larization tensor structure for the graviton, the
dilaton and the axion, we use the light cone
gauge: consider a massless particle and the po-
larization vector or tensor which has only trans-
verse components. A polarization tensor can be
decomposed as,
eij =
eij + eji − δijekk
2
+
eij − eji
2
+
δijekk
2
(13)
where i = 1, 2 labels the two transverse direc-
tions. The three terms correspond to the gravi-
ton, the axion (the antisymmetric tensor field)
and the dilaton modes. We may choose the pos-
itive polarization vector ǫ+ = (1, i) while the
negative polarization ǫ− = (1,−i). The ad-
dition of two spin 1 (with polarizations ǫ and
ǫ˜) is straightforward. It is easy to see that a
graviton has polarization mode ǫ+ǫ˜+ or ǫ−ǫ˜−,
an axion has polarization ǫ+ǫ˜− − ǫ−ǫ˜+ and the
dilaton has polarization ǫ+ǫ˜−+ ǫ−ǫ˜+. The dila-
ton and the axion combine to form a massless
complex scalar field φ, which has a global con-
served charge associated with it. All scattering
(tree or loop) amplitudes must obey this charge
conservation.
Within helicity amplitudes, graviton j has
helicity ǫ±j ǫ˜
±
j˜
= j±j˜± and an incoming posi-
tively charged scalar field j may be identified
with helicity j+j˜− while an incoming negatively
charged scalar field may be identified with he-
licity j−j˜+. Any charge conservation-violating
amplitude A must vanish. That is, any am-
plitude with unequal numbers of positively and
negatively charged scalar fields will vanish. Let
us start with a non-vanishing M -graviton scat-
tering amplitude. Following the BDFS nota-
tion, let n+ (n−) be the number of ”+” (”− ”)
helicities in YM amplitude A that have been
flipped in YM amplitude A˜. Then the resulting
amplitude vanishes whenever n+ 6= n−.
Let us consider the 4-point case to establish
some notation : the graviton-dilaton-axion scat-
tering amplitude takes the form
A4 = −s12A(1234)A˜(2134) (14)
where both A and A˜ are YM amplitudes. For
4-graviton amplitudes, helicity conservation re-
quires 2 with helicity (++) and 2 with helicity
(−−). So the only non-vanishing amplitude has
the form
A4 = −s12A(1
−2−3+4+)A˜(2−1−3+4+) (15)
Note that both A and A˜ are maximal helicity-
violating amplitudes. For (n+, n−) = (1, 1), say
A4 = −s12A(1
−2−3+4+)A˜(2+1−3−4+) (16)
the amplitude describes the graviton-φ scatter-
ing. For (n+, n−) = (2, 2), A4 describes the
φ-φ scattering. For n+ − n− 6= 0, A4 = 0 be-
cause the charge conservation is violated. Math-
ematically, we see that it vanishes because A˜ =
0. This case does not yield a quadratic iden-
tity. Rather it yields the well known results
A˜(1+2−3+4+) = 0 and A˜(1+2+3+4+) = 0 with-
out having to look into the detailed structure of
these amplitudes.
Next consider the 5-graviton scattering case,
A5 = s12s34A(1
−2−3+4+5+)A˜(2−1−4+3+5+)
+ s13s24A(1
−3+2−4+5+)A˜(3+1−4+2−5+) (17)
For n+ − n− 6= 0, the resulting A5 = 0. For
example, for (n+, n−) = (1, 0), we have
0= s12s34A(1
−2−3+4+5+)A˜(2−1−4+3−5+) +
s13s24A(1
−3+2−4+5+)A˜(3−1−4+2−5+) (18)
4It is easy to verify this quadratic identity by
using the explicit formulae for the MHV ampli-
tudes. For M ≥ 6, non-MHV amplitudes ap-
pear in the quadratic identities.
Following from the KLT relation, each iden-
tity contains (M − 3)![ 12 (M − 3)]![
1
2 (M − 3)]!
(Modd) or (M − 3)![ 12 (M − 4)]![
1
2 (M − 2)]!
(Meven) terms quadratic in the M-point YM
amplitudes. So the number of terms in each
identity is substantially less than [(M − 3)!]2 :
2 vs 4 for M = 5, 12 vs 36 for M = 6, 96 vs
576 for M = 7 etc.. Of course, one may use the
BCJ identity (repeatedly) to reduce the num-
ber of terms in the quadratic identities to that
in the KLT relations.
Additional Quadratic Identities : Al-
though ordering is important in YM amplitudes
AM and A˜M , AM is invariant. For example, be-
sides Eq.(14), one can express the same A4 in
other forms, A4 = −s13A(2134)A˜(1324) = ....
Comparing this expression to Eq.(14), one ob-
tains a quadratic identity,
s12A(1234)A˜(2134)− s13A(2134)A˜(1324) = 0.
These identities are valid for any choice of he-
licities. Since the same AM can be expressed in
terms ofAM and A˜M in many different ways, we
obtain a large set of new quadratic identities by
equating any 2 different expressions. This result
is known but not emphasized in earlier work.
Presumably these identities can be proved by
using the BCJ identity (repeatedly); still their
usefulness may follow from the relative ease in
writing them down.
For example, expressing the same A6 in 2 dif-
ferent ways [7], we end up with a quadratic iden-
tity
A(123456)[s35A˜(215346) + s3(45)A˜(215436)]
− A˜(123456)[s13A(231546) + s3(12)A(321546)]
+ permutations of (234) = 0 (19)
where s3(45) = s34 + s35. Here, in each case
where A6 = 0, we get a set of quadratic identi-
ties instead of only one. For example, besides
[s35A˜(2
−1−5+3+4+6+) + s3(45)A˜(2
−1−5+4+3+6+)]
×A(1−2−3−4+5+6+) + permutations of (234) = 0
we also get
[s13A(2
−3−1−5+4+6+) + s3(12)A(3
−2−1−5+4+6+)]
× A˜(1−2−3+4+5+6+) + permutations of (234) = 0
We leave it for the reader to write down other
inequivalent identities coming from the vanish-
ing of the same A6.
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